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Coefficients of Inbreeding and Homozygosity 
in Recurrent Selection: The One-Locus Case 

R. L. CAIN 1 and K. H I N K E L M A N N  

Virginia Polytechnic institute, Blacksburg, Virginia (USA) 

Summary. 1;or selection progralns which can be represented by successive self-select-intercross cycles (such as re- 
current selection or reciprocal recurrent selection) general recurrence formulae are developed for obtaining the coeffi- 
cients of inbreeding and homozygosity in each cycle. The formula for the coefficient of inbreeding is a generalization of a 
result given by Sprague, el al. (1952). It is shown that the coefficient of parentage in the source population has a major 
effect on the coefficient of inbreeding in the following cycles as does the popnlation size. The relationship of both types 
of coefficients and their importance in practical work are discussed. 

I. In troduct ion  

By recurrent selection (RS) is lneant a basic 
selection pattern which inw)lves self-select-intercross 
cycles. There are four basic types of RS as distin- 
guished by the manner in which the desirable indi- 
viduals are located: 

1. Simple recurrent selection (SRS) : individuals are 
divided into groups of "discards" or "selects" solely 
on the basis of their own phenotyl~es (,Jenkins lC)~ ~, 
1940). 

2. Recurrent selection for general combining ability 
(RS(;CA) : plants or anilnals are classified on the basis 
of the phenotypes of their t)rogeny when crossed with 
a heterozygous tester stock (Jenkins 19~q). 

3. Recurrent selection for specific combining ability 
(RSSCA) : plants or animals are classified on the basis 
of the phenotypes of their progeny when crossed with 
a homozygous tester stock (Hull 1945). 

4. Reciprocal recurrent selection (RRS): selection 
for general combining ability is made silnultaneouslv 
in two populations by observation of the phenotypes 
of progenyresulting from crosses involving two hetero- 
zygous  source populations (Comstock, el al. t949 and 
Robinson, et al. 1955). 

A program of RS enables the experimenter  to 
maintain a level of inbreeding which is lower than 
that inherent in many other types of breeding pro- 
grams; thus it is possible to continue effective selec- 
tion progress over a longer period of time if the select- 
ed trait is controlled by many loci. If the trait is 
controlled by only a few loci and selection is artificial 
(thus being relatively intense) and if selection is 
effective, then RS will result in genetic advance for 
only a few cycles. However both inbreeding and 
homozygosity in state have an increasing effect upon 
the progress of a population under selection as the 
intensity of selection incleases, since genetic advance 
is dependent upon the variability present in the 
t;otmlation and with intense effective selection, gene- 
tic fixation is rapidly approached. Thus, homozygo- 
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sity by descent and homozygosity in state both 
contribute to the same end result : genetic fixation and 
cessation of selection advance. RS was developed as 
a method whereby plant breeders especially could 
utilize the most intense form of inbreeding, selfing, 
to select effectively the superior individuals and retain 
their superior genes in the gene pool, while alternately 
utilizing the least intense form of inbreeding, crossing 
in all possible combinations, to maintain the genetic 
wtriabilitv necessary to unable continued selection 
progress over several selection cycles. 

SRS is effective only if the character being selected 
has high hcritability and if the character is governed 
by a relatively large number of loci (if lnore than two 
or three cycles arc planned). RSSCA requires sound 
judgment as to the value of the tester stock: a poor 
choice will invalidate the results of many years of 
experimentation, since a single homozygous tester 
stock must be chosen initially and perpetuated by 
selfing for use at every, other year of the selection 
cycle. It is generally concluded that SRS,  RSSCA,  
and RSGCA are best suited to their own specific 
purposes, while R R S  enhances the genetic diversity, 
of breeding stocks and offers the most advantages in 
an overall program of selection in crop plants, parti- 
cularly when selection inw)lves yield as one of the 
selected characteristics and when the crop involved is 
known to show heterosis upon crossing pure lines. 

Illustrated in Iqgure I is the mating pattern for 
SRS,  RSSCA,  RSGCA and RRS.  Following the 
notation of Shikata (1966) the four basic components 
of pedigree may be observed in Iqgure t : 

(i) the path A - - E  illustrates selfing; 
(if) the path E F - - I  illustrates that phase of 

intercrossing for which each offspring is a result of 
a cross of two parents; 

(iii) the path E - - I K  illustrates that phase of 
intercrossing for which a single parent contributes 
genetic material to more than one offspring or line, 
and 

(iv) the path E - - I K - - O Q - - F  illustrates the 
combining of the 3 components listed above to form 
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Fig. t. Basic mating pattern for all four types of recurrent 
selection, showing only one offspring (of an assumed equal 

number of offspring) per mating 

a closed loop. Note that in the RS system a closed 
loop encompasses three generations. 

The very development of the RS procedure as one 
which minimizes inbreeding in a selection program 
indicates the plant breeder's concern regarding the 
effect of inbreeding on selection progress. In some 
cases in practice, pedigree information is available; 
in others, maintenance of pedigree records is not 
feasible. In all cases, continuation of selection effec- 
tiveness depends upon the degree of heterozygosity in 
the breeding population; thus the breeder is concern- 
ed with measuring not just the degree of inbreeding 
but instead the overall homozygosity in a popula- 
tion under RS. 

Kempthorne (1960) comments: "The calculation of 
inbreeding coefficients may be misleading in a popu- 
lation under selection;" and Falconer (1960) obser- 
ves that : "the coefficient of inbreeding is a measure of 
the state of dispersion [of gene frequencies] only in 
the absence of selection." Falconer goes on to explain 
that there must be a distinction made between the 
state of dispersion of gene frequencies (affecting 
additive variance, inbreeding depression, etc.) and 
the coefficient of inbreeding as computed from the 
population size or pedigree relationships, since under 
selection the actual dispersion will be less than that 
indicated by F. Falconer is referring to selection 
which favors the heterozygotes, such as natural selec- 
tion operating during inbreeding depression. How- 
ever, similar comments apply in the case of intense 
directional selection. 

For example consider a special case in which gene 
fixation occurs under selection simultaneously with 
an inbreeding coefficient of zero. In simple recurrent 
selection if the selected trait depends on only one lo- 
cus, and the frequency of the favorable allele is 50% 
or more, then in the absence of complete dominance 
fixation would occur with the first generation for 
a selection intensity of 25% or less. Note, however, 
that the inbreeding coefficient is only one-half upon 
fixation, assuming the open-pollinated source popu- 

lation that is usually tile case. However the complete 
RS selection cycle is self-select-intereross, so that 
though upon selfing the source population, F = I/2, 
still after intercrossing to complete the cycle, F = 0 
again, even in the presence of genetic fixation. In 
this special case, selection has -- on the basis of the 
parent plants' observed genotypes -- eliminated all 
heterozygotes and all recessive homozygotes and 
even though F -- //2 in the selected selfed seeds, gene- 
tic fixation with F = 0 results upon intercrossing at 
the close of the cycle. 

In general, inbreeding promotes honmzygosis; 
likewise directional selection promotes homozygosis in 
the presence of partial or complete dominance. 
However, when combined, each inhibits the action of 
tile other in a recurrent program; directional selec- 
tion seeks to fix the favorable allele, while in the 
selfing phase 25% of the heterozygotes segregate as 
homozygous for the unfavorable allele; inbreeding 
increases the proportion of homozygous loci only to 
have it decreased as selection removes part or all of 
the recessive homozygotes (unless, of course, the 
selection intensity is such that a large proportion of 
the heterozygotes also are discarded). Thus one must 
approach the interpretation of the inbreeding coeffi- 
cient with caution when selection is involved; and if 
the point of interest is the degree of honmzygosity of 
the population, then a homozygosity index should 
be obtained rather than any measure of degree of 
inbreeding. 

1;urthermore, if selection is effective, then the 
superior individuals in the source population will be 
represented more often in the ancestry of successive 
selected progenies than will be the inferior indivi- 
duals; and also the various lines selected in any given 
cycle will tend to be more or less inbred according to 
the number of exceptional performers in their an- 
cestry. This tendency of genetically superior indi- 
viduals to be most inbred results in a reduction of 
effective population size under intense selection; see 
Robertson (1961) for further details. As a measure of 
inbreeding in a given cycle, what is needed is an 
average inbreeding coefficient for the intercross 
population (since this marks the termination of a 
breeding cycle) of a given cycle of RS. 

This paper presents, for the one-locus case, the 
derivation of recurrence formulae for an average 
inbreeding coefficient and an average coefficient of 
parentage in the nth cycle of an RS program, and 
develops an index with which to measure the total 
degree of homozygosity in a population under 
recurrent selection. For the case of m independently 
segregating loci, to obtain the average inbreeding 
coefficient, the coefficient of parentage, or the index 
of total homozygosity for a given cycle, one may 
simply raise the appropriate one-locus coefficient to 
the power m. Extension of the result to m loci with 
linkage will appear in a sequel paper. 
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2. Assumptions and Definit ions 

I t  is assumed tha t  the individuals in the breeding 
populations involved are diploid with only two alleles 
per locus, are capable of self fertilization, and breed 
in nonoverlapping generations. Any possibility of 
differential viabil i ty is ignored and a constant number  
of offspring per mating (typified by a single line) is 
assulned. 

The inbreeding coefficient F is defined as the 
t)robability that  two genes at one randomly chosen 
locus of a diploid individual are identical by  descent; 
and the coefficient of parentage r is defined as the 
probabil i ty tha t  two genes, drawn from the same locus 
of two different randomly chosen individuals, are 
identical by  descent (see Mal6cot 1948). 

Thus, given an individual X with genes Xl and x 2 
at a given locus, F x = P (x 1 = x2); similarly r x v  = 

= ] / 4  [-/) (X 1 = Yl) "t- f ,  (Xl = Y2) -+- p (X2 = Yl) -1- 
+ P (x2 = Y2)I. Further,  if X is the offspring of 
a cross of the individuals A and B and Y is the off- 
spring of a cross between individuals C and D then 
r x r  may  be denoted rA•215 and if Z is an offspring 
of a (:ross between X and Y,  then Fz  = rxv. F (j'k) 
and r',~), where j = 0, 1, 2 and k = 1, 2 . . . . .  n, will 
be used to denote the coefficients of inbreeding and 
parentage, respectively, in the jth generation of the 
kth recurrent cycle. F(k) and r (k), where k = 1,2, . . .  ,n, 
will be used to denote the degree of inbreeding and 
t)arentage in the terminal (i.e., the second) generation 
of the kth recurrent cycle, and will be used inter- 
changeably with F (2,k) whenever emphasis of the 
generation involved is unnecessary (See Section 6 for 
further discussion of the relationship between these 
single-superscripted and double-superscripted quan- 
tities). 

3. Derivation of  Recurrence Formulae for a Finite 
Population under Random Selection 

Consider a potmlation which is reproducing under 
the mating pat tern  of RS, as illustrated by  Figure t. 
13y the assumption of equal numbers of progeny and 
no differential viability, there is no loss of generali ty 
in tracing the progress of the population assuming 
one offspring (or line) per mating. 

From Figure t, it is apparent  tha t  even upon assu- 
lning one offspring per mating, only for the unrealistic 
source population sizes of N = 2 and N = 3 will the 
t)opulation size remain within manageable limits un- 
der no selection. A source population of size N, in 
generation 2 has expanded to size 2 V ( N -  t)/2, in 
generation 4 has M ( M - - t ) / 2 ,  where M = N ( N - - I ) / 2 ,  
individuals, etc. 

Thus for purposes of investigating the change in 
the inbreeding coefficient, consider the progress of 
this t)opulation assuming tha t  a population size of N 
(the size of the initial source population) is maintain- 
ed through an arbi t rary  number  of generations by  
random selection of 2V out of the N ( N  -- 1)/2 off- 
spring in each cycle. 

The assumption of random selection from a popu- 
lation of all possible intercrosses is equivalent to the 
assumption of random mating. Thus, the calculation 
of F in a given generation is similar to tha t  given by  
Wright (1921) and Mal6cot (1948) and summarized 
by Kempthorne  (1957), except that  in this case the 
mating pat tern  alternates selfing and intercrossing in 
successive generations. 

Given any diploid individual X in a certain cycle of 
a recurrent selection mating system, and given that  X 
has genes x 1 and x 2, if x 1 and x 2 are identical by  des- 
cent, then either they resulted by  descent from one 
out of a possible N ancestors who was a common 
parent  to half sibs whose selfed offspring subsequently 
crossed to produce X, or else they came separately 
from the parents not common to the half sibs whose 
selfed offspring crossed to produce X and were 
identical by  descent in those two parents.  As an 
illustration, consider any individual ( sayX in Figure 1 ) 
in generation 2 of cycle n + I from the source popu- 
lation: tracing the closed loop involved (from X to 
Q - T  to K - - N  to H), one observes tha t  both 
genes of this individual (X) could be traced to one 
common ancestor (H) in generation I of cycle n with 
probabil i ty t / N  (1/4, in this case). On the other hand, 
if the two genes did not come from a common ancestor, 
an event that  has probabil i ty t - - I / N  (i.e., 3/4), 
then they must  have descended simultaneously from 
two separate ancestors (i.e., one only from each E, G, 
or H). Thus, for a mating pat tern  similar to those 
illustrated by  Figure t ,  in which alternate genera- 
tions have been produced by  intercrossing, if one 
assumes N lines in the source generation of cycle n, 
then 

I I14 -F(J ' n '  1 F ( 2 ' n + 0  = r(t"+~) = r(2'n) = N 2 "@ 

reflecting the effect of finite population size N, and 

i (t + v(2. . )) ,  (3.2) i f ( t ,  n + t )  = 2 -  

i n d e p e n d e n t  of the value of N. 
In terms of the panmictic index P = I --  F, 

p(2 ,  n+ t )  = I - -  _p(2, u) @ 2 N  p ( t , n ) , .  (3"3)  

and 
1 

p ( l , n + t )  : 2 -  p ( 2 , . )  , (3.4) 

which when combined with (3.3) yields 

( 1 )  ' p(2,,~-,) 
p(2 ,  n + , )  = I - -  ~ -  p (2 ,  n) _1_ 4 ~9 , (3 -5)  

o r  

P("+~) = 1 --  P(") + ~ P("- ' )  �9 (3.6) 

Again it should be emphasized tha t  generations 
0 and 2 are defined to be those produced by inter- 
crossing. As shown by  (3.4), the panmictic index of 
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Table 1. Progress of the panmictic index (p(n)) through 15 cycles of recurrent selection for varying population sizes (N) and 
varying values of the panmictic index in the source population (p(o)) 

Roots of Quadratic Recurrent Cycle Number (n) 
N . . . . . .  p(o) . . . . . . . . . . . . . . . .  

r 1 r 2 2 3 4 5 6 7 8 9 I0 11 12 13 14 15 

4 + .8257  -- .0757 l.O .81 .67 .55 .46 .38 .3/ .26 .21 .18 .15 .12 .10 .~)8 .o7 
0.8 .65 .54 .44 .37 .30 .25 .2~ .17 .14 .12 . lo  .()S .()6 .()5 
0.6 .49 .40 .33 .27 .23 .19 .t 5 .13 .I 1 .o8 .07 0.6 .(~5 ,()4 
0.4 .32 .27 .22 .18 .15 .12 .t0 .08 .07 .06 o.5 .04 .o3 .o3 
0.2 .16 .13 . t l  .09 .08 .06 .()5 .(14 .04 .03 .o2 .02 .o2 .(~1 

5 +.8583 --.0583 1.0 .85 .73 .63 .54 .46 .40 .34 .29 .25 .22 .18 .16 .14 .12 
0.8 .68 .58 .50 .43 .37 ,32 .27 .23 .20 .17 .15 .13 .11 .o9 
0.6 .51 .44 .36 .32 .28 .24 .20 .18 .15 .t3 .11 .09 .o8 .o7 
0.4 .34 .29 .25 .22 .18 .16 . t4  .12 .10 .09 .07 .06 .o5 .o5 
0.2 .17 .15 . t3 .11 .09 .08 .07 .06 .05 .I)4 .04 .03 02 .02 

10 + .9270  -- .0270 1.0 .93 .86 .79 .74 .68 .63 .59 .54 .50 .47 .43 .40 .37 .35 
O.8 .74 .69 .64 .59 .55 .51 .47 .44 .40 .37 .35 .32 .3o .28 
o.6 .56 .51 .48 .44 .41 .38 .35 .33 .3o .28 .26 .24 .22 .2! 
o.4 .37 .34 .32 .29 .27 .25 .23 .22 .20 .19 .I7 .16 .15 .14 
0.2 .19 . t7 .16 .15 .14 .13 . t2  . t l  .10 .09 .09 .08 .07 .07 

25 +.9703 --.0103 t .o .97 .94 .9t .89 .86 .83 .8t .79 .76 .74 .72 .70 .68 .66 
0.8 .78 .75 .73 .71 .69 .67 .65 .63 .61 .59 .57 .56 .54 .52 
0.6 .58 .56 .54 .53 .52 .50 .49 .47 .46 .44 .43 .42 .41 .39 
0.4 .39 .38 .37 .35 .34 .33 .32 .31 .30 .3o .29 .28 .27 .26 
0.2 A9 .19 .18 .18 .17 .17 .16 .16 .t5 .15 . i4 .14 .14 .13 

100 + .9925 .--.0025 1.o .99 .99 .98 .97 .96 .96 .95 .94 .93 .92 .92 .91 .9t .9o 
o.8 .79 .79 .78 .78 .77 .76 .76 .75 .75 .74 .74 .73 .73 .72 
0.6 .6o .59 .59 .58 .58 .57 .57 .56 .56 .56 .55 .55 .54 .54 
o.4 .4o .39 .39 .39 .39 .38 .38 .38 .37 .37 .37 .37 .36 .36 
o.2 .20 .20 .20 .19 .19 .19 .19 . I9 -19 .19 .IS . lb  .18 .1S 

a n y  genera t ion  p roduced  by  sel l ing is half  t h a t  of the  
p a r e n t  genera t ion ,  regard less  of popu l a t i on  size. 
However ,  the  course of the  panmic t i c  index  over  t ime  
in t e rms  of e i ther  genera t ions  or RS  cycles  is re f lec ted  
en t i r e ly  b y  (3.5) or (3.6) respec t ive ly ,  since these  
express ions  combine  (3.3) and  (3.4). 

Thus  for n ~ 1, 

])(n) _ ~ .  al r'; -[- a 2 r. 2 
where r~ and  r 2 are  roo ts  of the  q u a d r a t i c  

( , )  x 2 -  ~l-~V x - ~ N - - o  (3.7) 

ob ta ined  f rom (3.6) folh)wing the  usual  p rocedure  for 
solving difference equat ions ,  and  a~ and  a~ are de ter -  
mined  b y  the  p a r a m e t e r s  in t he  source popu la t ion .  

Tab le  t ind ica tes  the  roo ts  of the  q u a d r a t i c  equa-  
t ion for v a r y i n g  va lues  of N and  then,  given va lues  of 
p(o) v a r y i n g  f rom 0.2 t h rough  1.0, t races  the  progress  
of P(~) from the  second t h rough  the  f i f teenth  recur-  
r en t  cycles  ( th rough  t h i r t y  b reed ing  genera t ions) .  
Since i t  is i m m e d i a t e l y  p receded  b y  in tercross ing,  
p(0  = p(o). Only  in or fol lowing the  genera t ion  
which t e r m i n a t e s  closed loops  in the  pedigree  is i t  
possible  to reduce  the  degree of pan in ix i a :  i.e., no 
sooner  t h a n  p(2). 

The s t e a d y  progress  of P(") t o w a r d  an even tua l  
va lue  of zero is qu i te  ev iden t  for smal l  N.  These  
d a t a  give an ind ica t ion  of the  effect  of f ini te  popu la -  
t ion  size and  also the  effect of degree of p a n m i x i a  in 
the  source popu l a t i on  of a r ecu r r en t  b reed ing  pro-  

gram,  assunfing a single gene model  and  no ar t i f ic ia l  
select ion,  over  a per iod  of 15 r ecu r r en t  cycles. F i -  
gure  2 i l lus t ra tes  the  effect of popu l a t i on  size upon  
the  progress  of the  popu l a t i on  for p ( o ) =  .5 and 
p(o) = .8 .  

4. Derivation of  Recurrence Formulae for Ft~) in 
a Finite Population under Effective Directional 

Selection 
Consider  F igure  3, which gives a poss ible  se lect ion 

pa t t e rn .  Refe r r ing  to the  def in i t ions  of the  four basic  
m e t h o d s  of RS given in Sect ion l ,  one m a y  observe  
t h a t  if the  se lect ion of lines E, F, G, and  H (or O, 1', 
Q, and  R in the  second cycle) in F igure  ~ is hased  upon  
obse rva t ion  of pheno types ,  then  S R S  is i nvo lved ;  
if the i r  select ion is based  upon  obse rva t ion  of the  
p h e n o t y p e s  of the  p roge ny  of A,  B, C, a n d  D (or of 
I,  J, L, and  M in the  second cycle) when crossed wi th  
a homozygons  t e s te r  s tock  (he te rozygous  t e s te r  s tock) 
t hen  RSSCA (RSGCA) is involved .  W i t h  R R S ,  for 
each of the  two popula t ions ,  a m a t i n g  series is con- 
duc t ed  such as i l l u s t r a t ed  b y  F igure  3 ; and  select ion 
of, say  ind iv idua l s  E, F, G, and  H (or O, P, Q, and  R 
in the  second cycle),  in the  first  popu l a t i on  is based  
upon  the  observed  p h e n o t y p e s  of progenies  resu l t ing  
f rom the  outcross ing  of A, B, C, and  D (or I, J,  L, 
and  M) wi th  a r a n d o m  sample  of i nd iv idua l s  from 
the  second popu la t i on  involved .  Since, wi th  RRS ,  
the  select ion of lines is based  on obse rva t ion  of the  
offspr ing of an outcross ing  of these  l ines wi th  a gene- 
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tically unrelated population, the tendency to select 
the more inbred lines in either of the two popula- 
tions is reduced. Thus, with RRS,  one may  expect 
the degree of inbreeding to be less, even though the 
procedure for calculating it is identical to tha t  used 
in the case of the other three types of RS. 

The following derivation is i l lustrated by  Figure 3, 
though it is not restricted by the fact tha t  Figure 3 
specifies a part icular  case. Let % i = 1 . . . . .  N, be 
the number  of times each line saved in cycle 1 is 
represented in the parents of progeny saved in cycle 2, 
where N is the total  number  of lines saved. Let 
b i = a i if a i > 2, let ~?' b~ denote the sum of all bi, 
and let z~"as denote the sum of all a i =  t. Then 

N 
2 N -~ ~ ai ~- ~ '  b i + Z "  ai. In the derivation, 

i=1 
the inbreeding coefficient in the population is deve- 
loped in terms of a weighted average of the inbreeding 
coefficients of the individuals comprising the popu- 
lation; because of the regulari ty of the breeding pat-  
tern, some population results may  be derived in 
terms of corresponding results based on individual 
pedigrees. 

In developing the results of this section, the follow- 
ing notat ion and definitions will be observed (in 
addition to those specified in Section 2) : 

F x denotes the inbreeding coefficient for the indi- 
vidual X ; 

rxv  denotes the coefficient of parentage between X 
and Y ; 

K 1 denotes the inbreeding coefficient of an indivi- 
dual which results from a closed loop pedigree; 

K 2 denotes the inbreeding coefficient of an indivi- 
dual which results from a single line pedigree (not 
a closed loop); 

K'~ denotes the coefficient of relationship between 
two individuals who have a common parent ;  and 

K; denotes the coefficient of relationship between 
two individuals who do not have a common parent.  

If  r = 0 in the source population, then the only 
possible contribution to the degree of inbreeding in 
generation 2 of cycle 2, F( 2,2t, is tha t  made by  lines 
represented two or more times in the first generation 
of any cycle. If  r = 0 in the source population, then 
any line represented only once, such as H in Figure 3, 
cannot contribute to F( 2,2/. Notice in Figure 3 tha t  in 
the second generation of the second cycle, W is the 
only offspring tha t  does not terminate  a closed loop 
since the ancestor J results from the cross of E and G 
and the ancestor M is F x H .  The offspring S, T, U, 
V, and X can be traced to loop ancestors E, F, F, G, 
and F, respectively, reflecting the fact tha t  E is 
represented twice in generation 2 of cycle t ,  F is 
represented three times, and G twice. By the above 
definitions, the value of the contribution to F (2,2) of 
individuals who are loop ancestors is K 1 since the 
size of the inbreeding coefficient of the closed loop 
offspring results from the possibility of transmission 

0.6 

I 
0.4 

~0.2 

O.B 

o.6J~ 

0.2 

[ 

p(O) 0.4 
L 

5 10 
Cycle (n) 

15 

Fig. 2. Comparison of p(n) values for varying initial population 
sizes and fixed initial values of the panmict ic  index p(o) 

Cycle Generation 
(0) A< 

1 {I) E, 

(2) (0) i ( 

2 (I) O, 

(2) 5 

z M 

0 A 

Se[eded individuals (lines) 
OFe shaded in generation 1 
of each cycle. 

~ N  H Self SeLect 
Inbrcross 

Self 
SebcI 

~ X  Intereross 

Fig. 3. A possible selection pa t te rn  i l lustrat ing derivation of 
the average inbreeding coefficient in the second cycle of recur- 

rent  selection 

by the loop ancestor of identical genes through both 
sides of the loop. Similarly the contribution of H, 
as measured by F w, is denoted K 2. 

All lines represented exactly once in the first gener- 
ation of any cycle (such as H in Figure 3) will contri- 
bute K 2 • "  ai to F (2,2). Since any two lines in the 
selected population of the second cycle can have at  
most one common ancestor in the first cycle, any line 
represented twice (such as E) supplies exactly one 
closed loop and contributes 1 • K 1 to the inbreeding 
coefficient; any line represented exact ly three times 
(such as F) supplies exact ly three closed loops and 
contributes 3 •  and, in general, one represented 
as > 2 times out of the total  of N (N --  t)/2 possible 
offspring contributes Kx b~ (b i --  1)/2. Thus the total  
contribution to F (2,2) of individuals resulting from 
closed loop pedigrees is K 1 b i (hi --  1)/2 and of those 
resulting from single line pedigrees is 
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where 

Jv (N2-- 1) 27 b~ (b~2-- ')-= X"  a~. 

By the regular i ty  of the mat ing  pat tern ,  K 1 m a y  be 
calculated as F s and thus 

I(1 = F s = r o e  = r ,  I ---- rE• E• = 
__ 1 
- -  y (r~E + r ~ r  + r~o + rFC) , 

from Figure 3; it follows that ,  in general, 

3 I (t + F( ' , ' ) )  = K,  = r(', ') + ~- 

= r("~ + ~ - 1 + ~  

and thus 
3 , 3 (4.t) K~ = -4- r(', o) + Y6 F( ' ,  o) + 16" 

Similarly 

142 = F w  = reR  = r i m  = rEXG, FxH = 

= ~ (rEF + r ~ u  + rFa + rGn) 
4 

or, in general, 
K 2 = r(', o). (4.2) 

Thus, using (4A) and (4.2), the average degree of 
inbreeding at the terminat ion of cycle 2 is 

F(2) = F(2, 2) = N (N -- I) 2 2- 

(4.3) 
One m a y  as well add the restr ict ion N ) 3  at this 
point,  since for N = 2 no selection would be possible; 
and for N = 3, selection would either te rmina te  the 
populat ion or result  in a populat ion of size 2 with the 
same difficulties just  mentioned.  

The min imum inbreeding would occur if all lines 
were represented equally (i.e. twice) in which ease 
b~ (b~ -- t) 

- -  t for all i, so tha t  
2 

N - - 3  

5" R e l a t i o n s h i p  to D e r i v a t i o n  g i v e n  b y  S p r a g u e ,  et al .  

0952 ) 
If, in the derivat ion of (4.3) one were to delete the 

generat ion of selfing which is assumed to initiate the 
recurrent  series (and which is almost  always employed 
in practice) and if it were assumed tha t  F --  r = 0 
in the source populat ion,  then K~ = 1/8, and instead 
of (4.3), 

@[bl (bl -- t) bN (bN--])] 
F =  ' 2 - + ' ' ' +  2 

(N _--i) , (5.t) 

2 
given by  Sprague,  et al. (t952). Thus this expression 
is valid for only one cycleand only under  the restric- 
tions noted above. 

6. G e n e r a l  R e c u r r e n c e  F o r m u l a e  for F (~+2) a n d  r (~+2) 

The der ivat ion in Section 4 was made in terms of 
the first and second recurrent  cycles in order to 
emphasize its relationship to the well-known foHnula 
given by  Sprague, et al. ; it is obvious, however, tha t  
the a rgument  holds if t and 2 are replaced by  n and 
n + t to  indicate a general cycle in the selection pro- 
cedure. Also, since r(", o) and F( ~, 0) represent the coeffi- 
cients of parentage  and inbreeding, respectively, in 
the source populat ion of the n th  cycle of recurrent  
selection, they  could be expressed as r ( ~ - l ) a n d F ( ~ - ' ) ,  
inasmuch as the source popula t ion of any  given cycle 
is the populat ion produced by  intercrossing the select- 
ed popula t ion (in other  words, the terminal  genera- 
tion) of the preceding cycle and it is the intercrossed 
populat ion for which an inbreeding coefficient is 
desired. Thus,  for N ~ 3, 

2 { [ N ( N - -  t) bi(bi t)] 
F("+2) = N (N - 1) ~ - ~ 2 r<")+ 

+ ~ ~  ~ 6 F ( " ) +  . (6.t) 

To apply  this formula to successive generations, one 
mus t  be supplied the values of r(~ and F(~ recognize 
tha t  F(') = r  and also have a recurrence formula  
for r("+'). 

A recurrence formula  for rCn+,l m a y  be obtained 
by  observing tha t  the contr ibut ion of any  two indi- 
viduals to the value of r(~+') will be 

3 r(n) + I F(.) + 3 

if the individuals have  a common parent  (by defini- 
t ion of the mat ing  system, any  two individuals in the 
(n + t )s t  cycle m a y  have  at most  one common 
parent ) ;  and the contr ibut ion wi l l  be 

Ks ~ r(") 

if t hey  do no t  have a common  parent .  Any  single 
individual  has two parents,  of which one is a common 
parent  with a set of N -- 2 other  individuals and the 
second is a common parent  with a disjoint set of 
N --  2 other  individuals.  Fur thermore ,  the two indi- 
viduals in quest ion are chosen from the N (.;Y --  t) /2 
offspring of the parent  generat ion of size N > 3. 
Thus,  given any  two individuals in the (n + 1)st 
cycle of a recurrent  selection program (the inter- 
crossed generation),  the probabi l i ty  t ha t  they  have 
a parent  in common is given by  

N ( N - -  t) 
2 (N--  2) 1 

2 
1 - -  

4 
N + I  N ( N - -  1) 1 

so tha t  
r(n+l) __ 4 

N + I  

N 
- -  N + I (6.2) 

Note tha t  the  selection intensity,  per se, has no 
effect on the inbreeding coefficient, though  intense 

4 ) t;.; = K~+ I ( N + , )  

F(n) + 3 
r(n) @ 4 ( N  + 1) 
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se lec t ion  will  increase  the  t o t a l  h o m o z y g o s i t y ;  how- 
ever  the  n u m b e r  of l ines (or ind iv idua ls )  saved  has  
a p ro found  effect on t i le  size of the  inb reed ing  coeffi- 
cient .  Also, since the  b reed ing  p a t t e r n  calls for all  
poss ible  in tercrosses  of the  se lec ted  genera t ion ,  the  
effect of select ion upon  t i le  coeff icient  of pa r en t age  
occurs only  t h rough  the  c o n t r i b u t i o n  of F to K'p 

7. The Homozygosity Index 
Let  H deno te  the  p r o b a b i l i t y  t h a t  two genes a t  

a g iven locus in an i nd iv idua l  are  homozygous  (ei ther  
b y  descent  or in s ta te ) .  Then  H is an index  of t o t a l  
h o m o z y g o s i t y  and  t - -  H an index  of t o t a l  he te ro -  
zygos i t y  wi th in  an ind iv idua l .  Le t  t deno te  t he  prob-  
ab i l i t y  t h a t  two genes r a n d o m l y  chosen f rom a given 
locus in two ind iv idua l s  are  iden t i ca l  e i ther  b y  descent  
or in s ta te .  F o r  a g iven  i nd iv idua l  or in a g iven po- 
pu la t ion ,  these  quan t i t i e s  m a y  be  ca l cu la t ed  (or 
e s t ima ted)  from obse rva t ion  of the  g e n o t y p e  or f rom 
known  (or e s t ima ted)  gene frequencies .  

The  degree of i nb reed ing  a t  a n y  g iven  cycle  in 
a popu l a t i on  unde r  se lect ion m a y  no t  ref lect  the  
degree of homozygos i s  because  the  e x t e n t  of the  
h o m o g e n e i t y  in the  source p o p u l a t i o n  is unknown,  
because  select ion has  acce le ra ted  the  a p p r o a c h  to-  
w a r d  genet ic  f ixa t ion ,  or because  inb reed ing  depres-  
sion is work ing  aga ins t  the  t r e n d  of a r t i f ic ia l  select ion 
so t h a t  the  " m o r e  des i r ab le"  p h e n o t y p e s  are  pe rhaps  
s ter i le  or less viable .  Thus  if the  e x p e r i m e n t e r  rel ies 
upon  the  degree of inb reed ing  to  y ie ld  a measure  of 

expec ted  v a r i a b i l i t y  upon  which to base  e s t ima tes  of 
fu ture  select ion effect iveness,  his e xpe r ime n t a l  re- 
sul ts  m a y  de v i a t e  cons ide rab ly  from his predic t ions .  
I n  o ther  words  (see Sect ion t)  the  ca lcu la t ion  of 
inbreed ing  coefficients m a y  well be mis leading,  as 
observed  b y  K e m p t h o r n e  and  Fa lconer .  Specifi-  
cally,  the  measures  needed  are  H,  an index  of t o t a l  
h o m o z y g o s i t y  wi th in  the  ind iv idua l s  of the  b reed ing  
popu la t ion ,  and  l, an index  measur ing  the  genet ic  
s imi l a r i t y  among  ind iv idua l s  in a b reed ing  popula -  
t ion.  

Given H and  l in a source popula t ion ,  the  change 
in these  quan t i t i e s  f rom one genera t ion  to the  nex t  is 
ca lculable  in  e xa c t l y  the  same manner  as F and  r for 
any  given breed ing  pa t t e rn .  Thus  all  of the  develop-  
men t  of Sect ions 4 and  6, specif ical ly  (6.1) and  (6.2), 
holds  if F is rep laced  b y  H and r b y  t, y ie ld ing  measu-  
res of the  homozygos i ty  in a popu la t i on  under  selec- 
tion" of course H > F and  t ~ r in all cases. I t  would  
be these  indexes  which would  be of va lue  to  the  p l an t  
b reeder  in eva lua t i ng  the  v a r i a b i l i t y  to  be expec ted  
in a n y  genera t ion  of a r ecu r ren t  select ion breed ing  
program.  H(Ol and rio) m a y  be e s t ima ted  f rom known 
gene frequencies in the  source popu la t ion ;  and  in the  
case of an open-po l l ina ted  source popula t ion ,  pr ior  
to ar t i f ic ia l  selecton, H (~ = t (c'). 

8. Application to Special Cases 
I n  Table  2 are ou t l ined  the  numer ica l  resu l t s  

ob ta ined  f rom (6.1) and  (6.2) if one assumes equal  

Table 2. Progress of populations of varying sizes, varying initial inbreeding coefficients, and varying initial coefficients 
of parentage through twenty-five cycles of recurrent selection, assuming minimum inbreeding 

Initial Conditions Values of the Panmictic Index (P = 1 -- F) at the End of the Indicated Recurrent Cycle 

r(O) F(o) N t 2 3 4 5 6 7 8 10 15 20 25 

0 0 

to 1.00 .96 .89 .83 .78 .73 .68 .64 .55 .39 .28 .2o 
15 1.oo .97 .93 .89 .84 .$t .77 .73 .67 .53 .42 .33 
25 1.oo .98 .96 .93 .90 .88 .$5 .$3 .78 .6S .59 .51 

loo 1.oo I.oo .99 .98 .97 .97 .96 .95 .94 .9o .87 .84 

.25 

1o .75 .72 .68 .63 .59 .55 .51 .48 .42 .30 .21 .15 
t5 .75 .73 .70 .67 .64 .61 .58 .55 .50 .40 .32 .25 
25 .75 .74 .72 .7o .68 .66 .64 .62 .59 .51 .44 .3S 

Ioo .75 .75 .74 .74 .73 .73 .72 .72 .70 .68 .65 .63 

.75 

1o .25 .25 .24 .22 .21 .19 .18 .17 .15 .11 .08 .05 
t5 .25 .25 .24 .23 .22 .21 .20 .t9 .18 .14 .11 .09 
25 .25 .25 .25 .24 .23 .23 .22 .21 .20 .17 .15 .13 

1oo .25 .25 .25 .25 .25 .24 .24 .24 .24 .23 .22 .21 

Io t.oo .95 .89 .83 .78 .72 .68 .63 .55 .39 .28 .20 
15 t.oo .97 .92 .88 .84 .8o .77 .73 .64 .53 .42 .33 
25 1.oo .98 .95 .93 .9o .87 .85 .83 .78 .67 .58 .51 

.25 /oo 1.oo t.oo .99 .98 .97 .97 .96 .95 .94 .90 .87 .84 

lo  1.oo .95 .88 .82 .77 .72 .67 .62 .54 .39 .20 .20 
15 1.0o .97 .92 .87 .83 .80 .76 .73 .66 .52 .41 .33 
25 1.oo .98 .95 .92 .90 .87 .85 .82 -78 .67 .58 .50 

�9 75 too 1.oo 1.00 .99 .98 .97 .97 .96 .95 .94 .90 .87 .84 

.5o 

Io .50 .48 .45 .42 .39 .36 .34 .32 .28 .20 .14 .1o 
15 .50 .49 .46 .44 .42 .40 .38 .37 .33 .26 .21 .17 
25 .5o .49 .48 .46 .45 .44 .43 .4t .39 .34 .29 .25 

.5o 1oo .5o .5o .49 .49 .49 .48 .48 .48 .47 .45 .44 .42 
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Table 3. Progress of populations of varying sizes, varying initial inbreeding coefficients, and varying initial coefficients 
of parentage through twenty-five cycles of current selection, assuming maximum inbreeding 

Init ial  Conditions Values of the Panmict ic  Index  (P  ~: 1 -- F) at  the End  of the Indicated Recurrent  Cycle 

r(o) F(O) N t 2 3 4 5 6 7 8 10 15 20 25 

1o 1.00 .85 .80 .74 .69 .64 .60 .56 .48 .34 .24 .17 
15 t.0o .84 .80 .76 .72 .69 .65 .62 .56 .44 .34 .27 
25 t.0o .83 .81 .77 .75 .73 .71 .68 .64 .55 .47 .4t 

o 1oo 1.0o .82 .81 .79 .79 .78 .77 .77 .76 .73 .7o .67 

.25 

10 .75 .65 .60 .56 .52 .48 .45 .42 .36 .26 .t8 .13 
15 .75 .64 .60 .57 .54 .52 .49 .47 .42 .33 .26 .20 
25 .75 .64 .61 .58 .57 .55 .53 .52 .5O .42 .36 .3t 

0 100 -75 .63 .61 .60 .59 .59 .58 .58 .57 .55 .52 .50 

.75 

10 .25 .25 .21 .20 .18 .17 .16 . t5  A3 .09 .06 .04 
15 .25 .25 .21 .20 . t 9  .18 .~7 .16 . t5  .12 . 0 9 .  .07 
25 .25 .25 .21 .20 .t9 .t9 .18 .18 .t6 ./4 .t2 . t l  

0 100 .25 .25 .20 .20 .20 .20 .20 .19 .19 .18 A8 A7 

0 

lo t.00 .84 .79 .73 .68 .64 .59 .55 .49 .34 .24 .16 
15 1.00 .82 .80 .75 .72 .68 .65 .62 .56 .44 .34 .27 
25 1.00 .81 .80 .77 .75 .73 .7o .68 .64 .55 .47 .4t 

.25 100 1.00 .80 .81 .79 .79 .78 .77 .77 .76 .73 .7o .67 

1o 1.o0 .81 .78 .72 .68 .63 .59 .55 .47 .33 .23 .16 
15 1.oo .80 .79 .75 .71 .68 .65 .6t .58 .43 .34 .27 
25 t.oo .78 .78 .77 .75 .72 .7o .68 .64 .55 .47 .4o 

�9 75 1o0 t.oo .77 .St .79 .79 .78 .77 .77 .75 .73 .70 .67 

.5o 

1o .50 .42 .40 .37 .34 .32 .30 .28 .24 .17 .12 .08 
15 .50 .42 .40 .38 .36 .34 .33 .31 .28 .22 .17 .13 
25 .50 .43 .40 .39 .38 .38 .36 .35 .32 .28 .24 .2o 

.50 too .50 .41 .4t .40 .39 .39 .39 .38 .38 .36 .35 .34 

0 w IO 15 20 25 30 35 &O 45 50 
[yde (nl 

Fig. 4. Comparisons of the effects of vary ing  popula t ion  sizes 
(N) and vary ing  initial coefficients of paren tage  (r(O)) on the  
progress of a populat ion under  recurrent  selection. F(O) = 0 

is assumed 

represen ta t ion  of all lines (i.e. b, = 2 for all i) and  
allows the parameters  N, r(Ol, and F(O/ to va ry  and  
then  traces the progress of the degree of panmix i a  
through twenty-f ive  cycles (50 generations) of RS.  
Maintenance  of a cons tan t  popula t ion  size (by selec- 
t ion following the selfing phase) is assumed in the 
method  by  which Table  2 is generated.  The dramat ic  
effects of popula t ion  size (N) and  ini t ia l  coefficient of 
parentage  (r(0t) are evident  from Table  2 and of 
these two, r(~ is the more i m p o r t a n t ;  the size of the 
inbreeding  coefficient in the source popula t ion  (F (~ 
has li t t le effect on the panmic t ic  index at the i th 
recurrent  cycle (p~it). These effects are seen in grea- 
ter  detail  in the graphs of Figure 4, in which F ~ is 
assumed to be zero. Under  the restr ict ion tha t  b i = 2 
for all i, (6.t) and  (6.2) reduce to 

X t ig -t- 4 ~ 7  3 r",/ 
- -  - - N - - I -  ' 

and 
1:<'*) d- 3 r ( , ,  l , l  - -  N r(") + . . . . . . . .  , 

N t - t  2 ~ ( N + 1 )  

which were used to ob ta in  the results of Table  2 and  
Figure 4. 

Maximum inbreeding results when, at each cycle, 
one line is represented N -  I times, N -  3 lines 
are each represented only once, and  two lines are 
represented twice. Table  3 shows the progress of the 
panmic t ic  index under  the same assumpt ions  as in 
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Table 2 except  t ha t  a min imum inbreeding selection 
pa t te rn  is replaced by  one of m a x i m u m  inbreeding. 
Tables 2 and 3 could be used to approximate  inbreed- 
ing coefficients in R S  systems for which their basic 
assumptions were applicable. The last section of the 
tables, for which r !~ = F !~ = .5, could be used to 
aI>proximate the progress of t - I I  in a breeding 
t)olmlation. 

9" C o n c l u s i o n s  

General recurrence formulae for the calculation of 
the inbreeding coefficient and the coefficient of pa- 
rentage in the (n + 2) nd cycle of a R S  mat ing  pat-  
tern are developed for the one-locus, two-allele case. 
These fornmlae involve no restrictions as to the initial 
wdues r(~ or Fi(,/ or as to the number  of times each 
line is represented in the progeny at any  stage of 
reproduct ion;  and they  assume only a basic RS mat ing  
scheme. 

For the special case in which 
( i )  n = 0 
(if) rtq = 1:(1) = 0; 
(iii) the usual ly-employed initial generat ion of 

selfing is ignored;  so tha t  the mat ing  cycle involves 
only select-intercross-self-select-intercross ; 

(iv) all selected lines are represented equally in the 
pr()geny of the final intercr()ssed generation, the 
f()rmula for F (a) reduces t() tha t  given by  Sprague, 
cl al. (1952). 

F rom the deriwttion, it is evident tha t  subst i tut ing 
random mat ing  for intercrossing would result  in 
decreases in panmixia  at each successive cycle. 

I t  is pointed out  in Sections I and 7 tha t  when 
selection is present,  an overall index of honmzygos i ty  
(H) or an overall index of he terozygos i ty  (1 - - H )  
would be more meaningful  than  F to use as an indi- 
cation of possible future selection progress and a me- 
thod of calculation of this index is outlined, as well as 
tha t  of calculating an index I measuring tim relation- 
ship between individuals in terms of the probabi l i ty  
of genes identical b y , d e s c e n t  or in state at a given 
locus for two individuals.  

F rom computer -s inmla ted  polmlations the progress 
of potmlations assuming both  min inmm and max imum 
inbreeding is invest igated with varying initial coeffi- 
cients of relationship, vary ing  initial degrees of ho- 
mozygos i ty  by  descent, and vary ing  initial sample 
sizes; and it is observed tha t  the contr ibut ion of r (~ 
to the degree of panmixia  after several breeding 
cycles far outweighs the contr ibut ion of F(~ If only 
a few cycles of R S  are ant ic ipated (where one cycle 
represents f rom two to three years  in a breeding 

program),  the initial sample size actual ly  makes very  
little difference in the degree of panmixia,  expecially 
if r(~ is close to zero. The tables presented could be 
used to est imate min imum and m a x i m u m  inbreeding 
coefficients in practice, given populat ions which con- 
form to the given assumptions.  

Z u s a m m e n f a s s u n g  

Fiir Selekt ionsprogramme, die durch  aufeinauder-  
folgende Selbstungs-Selekt ions-Kreuzungs-Zyklen 
(wie z. B. rekurrente  Selektion oder reziproke rekur-  
rente Selektion) charakter is ier t  sind, werden all- 
gemeine Rekurrenzformeln  zur Berechnung yon  
Inzuch t -  und Homozygot ie-Koeff iz ienten  in jedem 
Zyklus entwickelt.  

Die Formel  fiir den Inzuchtkoeff iz ienten stellt eine 
Veral lgemeinerung eines yon Sprague ct al. (t952) 
erhal tenen Ergebnisses dar. 

Es wird gezeigt, dab der "coefficient of pa ren tage"  
der Ausgangspopula t ion  ebenso wie die Populat ions-  
gr613e einen nachhal t igen Einflul3 auf den Inzuch t -  
koeffizienten der folgenden Zyklen haben.  Die 
Beziehung beider Typen  von Koeffizienten und ihre 
Bedeu tung  fiir die prakt ische Arbeit  werden disku- 
tiert. 
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